Some sufficient conditions are established for the oscillation of second-order neutral differential equation x t p t x τ t q t f x σ t 0, t ≥ t 0 , where 0 ≤ p t ≤ p 0 < ∞. The results complement and improve those of Grammatikopoulos et al. Ladas, A. Meimaridou, Oscillation of second-order neutral delay differential equations, Rat.
Introduction
In recent years, the oscillatory behavior of differential equations has been the subject of intensive study; we refer to the articles 1-13 ; Especially, the study of the oscillation of neutral delay differential equations is of great interest in the last three decades; see for example 14-38 and references cited therein. Second-order neutral delay differential equations have applications in problems dealing with vibrating masses attached to an elastic bar and in some variational problems see 39 . This paper is concerned with the oscillatory behavior of the second-order neutral delay differential equation
x t p t x τ t q t f x σ t 0, t ≥ t 0 , 1.1
where p, q ∈ C t 0 , ∞ , R , f ∈ C R, R . Throughout this paper, we assume that 2 Advances in Difference Equations a 0 ≤ p t ≤ p 0 < ∞, q t ≥ 0, and q t is not identically zero on any ray of the form t * , ∞ for any t * ≥ t 0 , where p 0 is a constant;
b f u /u ≥ k > 0, for u / 0, k is a constant; c τ, σ ∈ C 1 t 0 , ∞ , R , τ t ≤ t, σ t ≤ t, τ t ≡ τ 0 > 0, σ t > 0, lim t → ∞ σ t ∞, τ • σ σ • τ, where τ 0 is a constant.
In the study of oscillation of differential equations, there are two techniques which are used to reduce the higher-order equations to the first-order Riccati equation or inequality . One of them is the Riccati transformation technique. The other one is called the generalized Riccati technique. This technique can introduce some new sufficient conditions for oscillation and can be applied to different equations which cannot be covered by the results established by the Riccati technique.
Philos 7 examined the oscillation of the second-order linear ordinary differential equation
and used the class of functions as follows. Suppose there exist continuous functions H, h : Say a function Φ Φ t, s, l is said to belong to X, denoted by where p ∈ C t 0 , ∞ , 0, 1 ; by using the function class X an operator T ·; l, t , and a Riccati transformation of the form ω t r t z t z t , z t y t p t y σ t , 1.14 the authors established some oscillation criteria for 1.13 . In 31 , the operator T ·; l, t is defined by
It is easy to verify that T ·; l, t is a linear operator and that it satisfies
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It is easy to see that T ·; l, t is a linear operator and that it satisfies
Wang 11 established some results for the oscillation of the second-order differential equation r t y t f t, y t , y t 0 1.22 by using the function class H and a generalized Riccati transformation of the form ω t δ t r t y t g y t ρ t .
1.23
Long and Wang 6 considered 1.22 ; by using the function class X and the operator T ·; l, t which is defined in 31 , the authors established some oscillation results for 1.22 . In 1985, Grammatikopoulos et al. 16 obtained that if 0 ≤ p t ≤ 1, q t ≥ 0, and
is oscillatory. 
The author established some comparison theorems for the oscillation of 1.26 . Xu and Xia 28 investigated the second-order neutral differential equation
and obtained that if 0
, and q t ≥ M > 0, then 1.27 is oscillatory. We note that the result given in 28 fails to apply the cases q t γ/t, or q t γ/t 2 for γ > 0. To the best of our knowledge nothing is known regarding the qualitative behavior of 1.1 when p t > 1, 0 < q t ≤ M.
Motivated by 10, 21 , for the sake of convenience, we give the following definitions.
The operator is defined by T n ·; l, t by
It is easy to verify that T n ·; l, t is a linear operator and that it satisfies
In this paper, we obtain some new oscillation criteria for 1.1 . The paper is organized as follows. In the next section, we will use the generalized Riccati transformation technique to give some sufficient conditions for the oscillation of 1.1 , and we will give two examples to illustrate the main results. The key idea in the proofs makes use of the idea used in 23 . The method used in this paper is different from that of 27 .
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Main Results
In this section, we give some new oscillation criteria for 1.1 . We start with the following oscillation result. 
It is obvious that z t ≤ 0 and z t > 0 for t ≥ t 1 imply z t > 0 for t ≥ t 1 . Using 2.2 and condition b , there exists t 2 ≥ t 1 such that for t ≥ t 2 , we get
z t q t f x σ t z t q t f x σ t p z τ t q τ t f x σ τ t z t p z τ t q t f x σ t p q τ t f x σ τ t
≥ z t p 0 τ 0 z τ t k q t x σ t p 0 q τ t x τ σ t ≥ z t p 0 τ 0 z τ t kQ t x σ t p 0 x τ σ t ≥ z t p 0 τ 0 z τ t kQ t z σ t .
2.3
We introduce a generalized Riccati transformation 
2.18
for γ > 5/4. Hence, 2.17 is oscillatory for γ > 5/4.
Remark 2.5. Corollary 2.3 can be applied to the second-order Euler differential equation
where γ > 0. Let p t 0, q t γ/t 2 , f x x, and g t −1/ 2t . Then u t t, ψ t γ − 1/4 /t. Take k 1, p 0 0. Applying Corollary 2.3 with n 3, for any β ≥ 1, It may happen that assumption 2.1 is not satisfied, or it is not easy to verify, consequently, that Theorem 2.1 does not apply or is difficult to apply. The following results provide some essentially new oscillation criteria for 1.1 . Proof. We proceed as in the proof of Theorem 2.1, assuming, without loss of generality, that there exists a solution x of 1.1 such that x t > 0, x τ t > 0, and x σ t > 0, for all t ≥ t 1 .
We define the functions ω and ν as in Theorem 2.1; we arrive at inequality 2.10 , which yields for t > T ≥ t 1 , sufficiently large
2.24
Therefore, for t > T ≥ t 1 , sufficiently large lim sup
2.25
It follows from 2.22 that 
2.27
In order to prove that 
